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The problem of finding the transversal contour of a conical body of given length and base
area so as to minimize the total drag in hypersonic flow is considered under the assump-
tions that the pressure distribution is modified Newtonian and the surface-averaged skin-
friction coefficient is constant, Both the case of a slender body and that of a nonslender
body are investigated, and a simple proof of the properties of the extremal arc is supplied
by solving first the local problem and then the integral problem. Specifically, the transver-
sal contour locally minimizing the drag per unit base area is shown to be identical with the
extremal contour. Depending on the length, the base area, and the skin-friction coefficient
three solutions are possible: (1) a complete circle, (2) a combination of straight line seg~
ments tangent to a basic circle, and (3) a combination of circular arcs and straight line seg~
ments tangent to the circular arcs. For all of these sclutions, the base area per unit peri~
meter and the aerodynamic drag per unit base area are constant along the extremal arc.

The problem of the optimum transversal contour of a body at hypersonic speeds has re~
ceived considerable attention in recent years. After the pioneering work of Chernyi and
Gonor on the minimization of the pressure drag [2], the minimization of the total drag has
been considered by Miele and Saaris 3], Bellman t‘ﬂ, Reyn 5], and Miele and Hull {6].

In this paper, the minimization of the total drag of a hypersonic body of given length and
base area is discussed once more, and a simple proof of the properties of the extremal arc
is supplied by solving first the local problem and the the integral problem. Specifically,
for both slender and nonslender bodies, it is shown that the transversal contour locally min-
imizing the drag per unit base area is identical with the extremal contour.

The following hypotheses are employed: (a) a plane of symmetry exists between the left-
hand and ri(ght-hand sides of the body; (b) the base plane is perpendicular to the plane of
symmetry; (¢} the free-stzeam velocity is contained in the plane of symmetry and is perpen-~
dicular to the base plane; (d) the pressure coefficient is proportional to the cosine squared
of the angle formed by the free-stream velocity and the normal to each surface element; (e)
the base drag is neglected; {f} the skin-friction drag is proportional to the wetted area; and
(g) the longitudinal contour is conical.

1. Formalation of the problem. We denote by D the drag, ¢ the freevstream dyn~
amic pressure, 2 a factor modifying the Newtonian pressure distribution, C the surface-
averaged skin-friction coefficient (assumed constant), ! the length, and S the base ares,
while & and R are the polar coordinates of any point of the base. We introduce the constant

f=(Cy/ 4n)"s
and define the dimensionless base radius, the drag parameter, and the area parameter as
follows

*)} This research is a condensed version of the investigation described in paper [1]
*+} Lecture presented at the Steklov Mathematical Institute of the USSR Academy of Scien-
ces, Moscow, USSR on September 12, 1966.
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p=R/If, y=D/2nglft K =518f

Next, in the light of hypothesea (a) to (g), we recognize that the problem of minimizing
the drag for a given length and base area consists of extremizing the integral 3 to 6

- \ ____.._p,a.__._.__ 9 (a2 2 '/zj’ (1.1)
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where p°= dp/df and where m = 0 for a slender body and m = 1 for a nonslender body. The
admissible functions p (@) must satisfy the isoperimetric constraint

K= S p?df (1.2)
0
where K is a prescribed constant. The terminal radii p (0) and p(7) are free and must be
found from the solution of the variational problem.

2. Local solution. Prior to solving the above integral problem, we study a related
local problem, For any arbitrarily prescribed contour p (@), we define the functions
0

4
pe 233 — Y 2
J(°)=S[‘T’:‘"‘z"?"-ﬁ+2(p2+pz) ]dﬂ, K(")—SP do (2.1)
J (p? - p’% -+ mf*oh) )
which are such that
J(O) =0, K(0)=0; J=J, K@=K

Next, we introduce the derivatives J = d//d0 and K = dK/d0 and observe that, because

of Eqs. (2.1)

dJ p* anlls dk
& = FT e e g =

As a consequence, the aerodynamic drag per unit base area is proportional to
dJ P‘ " Y
@K = P ¥ pr T mpps T 200+ e
and can be rewritten as
dr u? 2 p?
af =AW, AW =giamst YT e

(2.2

The variable u is proportional to the enclosed area per unit perimeter and has the proper-
ty that u<p

Since the aerodynamic drag per unit enclosed area (2.2) depends on u only, we formulate
the following problem: For each given radius p, find the parameter u which locally minimizes
the aerodynamic drag per unit enclosed area 6.2). Of course, the admissible values of u are
subordinated to the inequality constraint (2.3). The above problem belongs to the ordinary
theory of maxima and minlma and admits the solutions

u=1p (p<<uy or u=1us (p>uy (2.4)
where u; is the value of 4 for which
dA [ du = 0 or mfPugt — ug* 4+ 1 =0 (2.5)

Since the order of magnitude of the constant f is 10~1, Eq. (2.5) can be solved by a line-
arization procedure in the neighborhood of ug = 1 to yield the approximate solution

ug = 1 + (3/3) mf? (2.6)

For a slend<. body {m = 0), Eq. (2.6) reduces to ug =1, an exact solution of Eq. (2.5)
For a nonslender body (m = 1), the value of uy differs from that of a slender body by less
than 1 %.

3.Integrated properties. Now, assume that a body is constructed in such a way
that the local optimum conditions (2.4) are satisfied everywhere. The following questions
arise. What is the geometry of the body? What is its aerodynamic drag?

Solutions of class 1. These solutions are governed by the relationship (2.4), which can
be rewritten as
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p‘ = 0 (3-1)
Upon integrating and accounting for the constraint of given base area, we see that
p=const=VK/n

This is a complete circle characterized by the drag parameter
J=K*/{n+ mKf)+ 2V =K, K < nuy?
Solutions of #lass 2. These solutions are governed by the relationship (2.4), which can
be rewritten as
P+ p% = p*/ u?®  or (p/ ug?+ (p'/ up)® = (p/ uo)* (3.2)

Upon integrating, we obtain the relationship p cosl@ — const) = ug; which is a straight
line segment tangent to the basic circle of radius p = uy. By combining several such seg-
ments, a closed body having the drag parameter

J = Quy+ Vu) K, K = nug? (3.3)
can be generated.

Solutions of class 3. These solutions are obtained by combining subarcs governed by
Eq. {8.1) and subarcs governed by Eq. (3.2). Because of the continuity requirement, the
sabarcs (3.1) are characterized by the radius p = ugy. Hence, these solutions consist of arcs
of the basic circle p = u, and straight line segments tangent to these arcs. Once more, the
drag parameter is represented by Eq. (3.3).

4. Variational solution. We now consider the problem of minimizing the integral
(1.1) subject to the constraint (1.2). This isoperimetric problem with variable end poinis is
equivalent to that of minimizing the integral

J* = [ — K = S Flp, 0, ) do
m
in which the fundamental function F is defined as
F=p*[4(w)—2] 4.1

Here, A is an undetermined, constant Lagrange multiplier, A (u) and u (p, p’) are defined
by Eqgs. (2.2).

Standard variational techniques show that the extremal arc must satisfy the following
first integral of the Euler equation:

Fe—pF,.=C (4.2
and the natural boundary conditions
Fo=0 (4.3)
at the initial and final points. In the event that discontinuities in the derivative p” occar,
the comer conditions
A(F—pF )=0, AF,. =0 4.9
must be satisfied at the junction of any pair of subarcs composing the extremal arc.

In the above relations, the derivative

F,. = p*(d4 [ du) (9u/ 3p")
as can be seen by employing Egs. {2.2) and (4.1).

While a straightforward mathematical solution of this variational problem cannot be ob-
tained (see, for instance, [3], the absence of any preferential direction in the transversal
plane has prompted this writer to think that the local solution represented by Eqs. (2.4) is
identical with the variational solution. That this is the case can be seen from the following
reasoning. Since Gu/3p’ vanishes along the solution (2.4) and d4/du vanishes along the
solution (2.4), the local solution has the property that

Fo—=0 -
everywhere. Hence, it satisfies the natural boundary conditions (4.3) and the corner condi-
tion (4.4). After the first integral (4.2) and the comer condition (4.4) are rewritten in the

form ,
F=¢  AF=0 (a.5)
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the following question arises. For each given isoperimetric constant K, is it possible to
find a pair of constants A and C for which the first condition (4.5) becomes an identity?
This is precisely the case if one chooses

. [a\h | K(2n 4 mKj?) INEAY. I K*

"TAK) T T (a4 mEfHT 0 Y TAK) (- mKfye
for the solutions of class 1 and .

A=2/uy+ Vg €C=0
for the solutions of class 2 and class 3.
For the latter solutions, the comer condition (4.6) is satisfied providing every subarc

composing the extremal arc is characterized by the integration constant C = 0.
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local problem and then the integral problem. Specifically, the transversal contour locally
minimizing the drag per unit base area is shown to be identical with the extremal contour.
Depending on the length, the base area, and the skin-friction coefficient (that is, depending
on the area parameter K), three solutions are possible: (1) a complete circle; (2) a combina-
tion of straight line segments tangent to a basic circle (see Figs. 1 and 2); and (3) & com-
bination of circular arcs (having the same radius and straight line segments tangent to the
circular arcs (see Figs. 3 and 4). Each solution is characterized by the constancy of the
base area per unit perimeter. An analogous remark holds for the aerodynamic drag per unit
base area or unit perimeter. These invariant properties are due to the physics of the prob-
lem, that is, the absence of a preferential direction in the transveraal plane.
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